INTEGRATION

Integration can be developed into two ways which can be shown to be

fundamentally equivalent:
i) as the reverse of differentiation ,
i1) as a limit of a sum .

Integration is a process of finding a function from its derived function and it
reverses the operation of differentiation.
We have:

(@) Indefinite integrals

These integrals arise basically from the approach (i) above .
For example, we know that di<x4> — 423, and that we can write this

T
information in integral form as

f 4z3dz = z* + C, where C is arbitrary constant called the constant of

integration.

Generally:
If i(g(:}g)) = f o, then ff(x)d:z: =g +C.
dz

f x> iscalled the integrand.

(b) Definite integrals

These integrals involve limits:
3
3
f4a:3da: =[] =3 -2t =72,
2
We obtain a definite answer — there is no arbitrary constant!

Generally:
b
Ifi(gm)) = fcx>, then ff(:z:)d:z; = [g(:z;)]z =g(b)—gca>.
dz

a

The last result is called Fundamental Theorem of Calculus
(Theorem of Leibniz-Newton).

-19 -



Some basic rules:

f{f(:r;)+g(x>}dx:ff(x)dx+fg<x)da:+0

o+l
fx”dx: +C

n+1
fkdx:ka:JrC

fld:z;zlna:—l—C

x
fexdx:eerC
fcosxda: =sinz + C

fsinxda: = —cosz + C

1
f—Qdaz = tanz + C
Ccos”

f%dx = —cotz +C
sin® x

f%da: = arcsinz + C

v1—2

1
—2d:1: =arctanz + C

14+ =z

f;dx = arcsin[f] +C
2 2

Va* — a

%dx = larctan(£> +C

a2+x a a
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Worked examples

dy 4 1 .
1) If — —, find yv.
) dx -7 +a:3 y
Solution:
441 3+1
4 1 T T
p— —d p—
Y f(x L Ll s i e
5% -2 5%
T T T 1
=4 - - 4+ (C
5% + —2 5% 3;2 +

2)f(31:—2) 4+x2)dx:f 122 + 323 — 8 — 22 )z

= f3x3d:1: f2:z:2dx + le:z:dx —f8d:z:

3
5 —1
x2 + 2z 2 ]d

_ 3T, T
34 3 + 5 8r + C'.

3 3
z° + 2 T
Y [ «@xf[—.r+—f 7=
7 1

—fx2d$+2fx2d$—x7+ T2
2 2

, 71
:?:1:2 + 422 + C.

4) f(3$2+§/§—%—é>dx

T T

= f3x2d:v +f:1;3da: —f5x_2dx —f dx

—3?+2x3 +527 1 —4Ing
4

::z:3—|—§:1:§ —i—§—4lnzz:—1—0.
4 T
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5) Find the equation of the curve with gradient 4 — 372 which passes through
the point (4,1).

Solution:
The gradient of the curve is @ and so d—y = 4 — 32°.
dz dz
. 2 233 3
Since yzf(4—3:1: >d513:4:1:—3?—|—0243:—a? +C.

But the curve passes through the point (4,1), and so y =1 when z = 4.
Substituting these values into our expression for y gives:

1=44-4340=1=16-64+C=C = 48.

Thus the equation of the curveis y = 4x — 23 4 48

6) The speed v of a body at time ¢ is givenby v = 2t — t%

Let s is a displacement of the body at time ¢ and it is knownthat s = g

when ¢t = 2. Find s in term of ¢.

Solution:

5

We know that v = ds ,and so we are given that ds = 2t — —.
dt dt +2

But s :§ when ¢t =2, and we obtain

2

3 5
—=4+-+C = (C = -5.
5 5 C = C 5

1
7) Evaluate the definite integral fx(ﬁ + 3)dx.
0
Solution:
1 3

x(\/;+3>:x x§+3 :$§+3$,
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3

:1:§—|—3:1:dx=

!

_(z+§)_0_§
\5 2 10

Exercises

1) Integrate the following functions with respect to z:

2
a) 6:132; z3 ; %; Yz, i7 ;
T T
m4ﬂ—ﬁ+?y(ﬁ?%
T T

1 2

R Y
C) 3:1:—|— T =

e Areas under curves

A

0' a b

Suppose that we wish to find the area bounded by the curve y = f (x>, the z

axisand the lines x = a; z = b.

Using the method to split the area into thin vertical strips, the sum of the areas
of these rectangular strips then gives an approximate value for the required area.

This result is given by the definite integral
b

A= fyda:, where = = a is lower limit, z =
a

limit.
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The area bounded by the curves y = f,(z) and y = f, () can be
calculated by the next definite integral

b
A= f(f2 — f ) dz, where the sketch is
a

Y \y:fz(w)
A

: \y:fl(:lt)

0" a b T

Note
We can apply this formula only if f x> ,being integrated, is definite for
Vzrela,b].

Examplel.

Find the area of the region bounded by the curve y = 372, the z-axis and
the lines z=1 2= 2.

Solution:

The sketch is shown — it is essential !
A

- -

y=3z°

01 2=
We find that
9 2
A:foQda::[a:S] —8_1=71.
1 |
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Example2.

Find the area bounded by the curve y = e¢¥, z-axis, y-axis and the line
x = 2.

Solution:
9 2

A:fexdx:[e‘r] —e? el =2 1
0 0

The meaning of a negative result

Consider the area bounded by y = 23, 1z - axis, y - axis and the lines:

0] r =2, r=1;
(i) r = —2, xr = —1.

Solution:

(i) Required area is A; which is

9 2
A :f:c?’dx:[x4] — ot 14— 15
1 1

(ii) Required area is Ay. By symmetry Ay = 15  (the curve is symmetric
about the origin, so the two areas are equal).
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Example3.

2

Find the area of the region enclosed by the curve y = 6x — x“ and the

line y=6—=x.

Solution:
Solve the equations simultaneously to find the point of intersection:

N y=1, () N

: 22 —Tr4+6=0,
y=1J,(z)

0 1 6‘\\CB

9 =1 Yo = 5,
rp =6 y2 =0,
6

6
A= [ —w)=[[(6z—2%) - (62}
1

1

6 6
3 2
_ 9 |z Tx
—f(—x —|—7:13—6)d:1:— 3 + 5 — 0x
1 1
63 7.62 —13 72 125
13 T ‘6-6]‘T+7‘6 =7

e Integration by substitution

Suppose, we have to find f cos4dx dzr.

We could proceed as follows :
Let Fcx) = fcos(4a:) dx , then E = cos(4x) .
dx
Let 4z = u, then d—u =4 and so
dx
% = i = cos(4zr) = cosu.
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Use the rule “ function of a function” (chain rule) :

d—F = d—F@ = ((:084:1:)l = COSU
dv  dxr du 4 '

1 1 .
F = fzcosudu = Zsmu—i—C’,

1
4 1
Fax> = isin 4x 4+ C' (finally going back to original variable x).

1
Thus f cosdzdx = Zsin dzdr + C.

For the above integral the following layout and technique is an equivalent
procedure and considerably more convenient.

Find f cos 4xdzr .

du du
Let u—4x:>%—4 :>dx—I.

So f cos 4xdzx

= fcosud%

— ifcosudu = isinu—l—C’ = isinéla:—l—c.

Don’t forget to convert back to the original variable!

So

ff[g(x)]g'(m)da::ff[g(m)]dg(m)zff(zwdu
= Fu+C =Flgw |+ C.

In particular

ff(x—l—a)da::ff(x+a)d(a?—l—a)=ff(u)du
=Fan+C=F(+a) +C.
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Examplel.

I = fx21/$3 + 2dx.

Since i(azg —1—2):3:1:2, let v = (1:3 —1—2),

dx
du o, o0 du _ , 9 9., _ du
dx—3a:,dx—3:13, CISdQZ—g
So

1= f\/ﬂjg —I—2<x2d:z:)

9 2 S
_ 9 _ 3 9
=Su2 +C = (22 +2)2+C
Example2.
2
J = f4:1:e$ dz .

. d 2\ 2 du_ _du
Since E(m )—23:, let w =z e = 2z, xdr = 5
So
J:f4e$2(xda:)

du
_ u AU
—f4e 5
— 2" 4+ 0 = 2% 4+ 0.
Example3.
1
K= | ——dz.
f\/?)(l?—l v
du du
Let = —1 — = = —.
e u = 3z , . 3, dx 5
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1
5
L e 2 mie=2umTito
31 3 3
2
Example4.

L :f4$2x_1d:1:.

Let w = 4g° —1%281’, :L’da::dgu.
So
1(du 1 p1 1
:lln(4x2—1)—|—0
3 .
Exercises
1)fsin(:1:—3)da: 2)fcos(:1:—|—2)d:1: 3)f(a:—4)6d:1:
dx
4)f\/:13+3dx 5)f—_3x+2 6)for4

7)f e % f 005533:1:

dx

1°’f1+9x W |

- 29 -

dx
9)
f sin2 Z

4x
12) f2 — dz



Note

If you find difficulty in picking the correct substitution, then you may
succeed by the much “rougher” argument:

Put 4 = the most complicated part of the integral!

Always use a substitution, though if you are in doubt, since the substitution
procedure is simple enough in it self!

Do not think that any integral can be done by substitution — this is not so!

Specially Important Integral

Remember
/
—{ln(fm))} f! <x>:> flao

fcx fcx>

dr = lnx +C!

dz as follows

We can do ]:f
4:102—1

I=[—= dx:lfidleln(zlx? —1)+C
422 —1 8Y 4722 —1 8

(multiplying and dividing by the constant 8, the numerator becomes derivative
of the denominator).

Further examples

1)ftan:1:d:1::f81ﬂda:——ln(cos:w—i—C’

COST

(because the numerator is the derivative of the denominator; or we can substitute
u = sin x).

z+1 2r + 2
2
)fx2+2x 2fx2+2x

:%1n<x —|—2:1:—4)—|—C

(multiplying numerator and denominator by 2, since numerator becomes
derivative of denominator ; or use the substitution u = 72 + 2z — 4).
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e Definite integral by substitution

We have always to change the limits.

It is then not necessary to convert back to the original variable at the
end of the integration process.

Examples
1

1) Find fx(Sa:Q —Z)de.
0

Let u:3x2—2, @:6:6, xd:v:@.
dx 6
Change the limits
r=0—ou=-2
r=1—u=1
Then we obtain
! 8 ! 8
fx(Sa:Q —2) dr = f(S:cQ —2) rdx
0 0
1 1
_ e 1 :L[usa]l
6 9 H4 -2
-9 -2
_ 1 9y_ 1 _ 013
_54(1 (—2) )_54(513)_ -
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4

2) Find sin™ x cos xdx .

) du
Let w = sinz, d—:cosx, cos zdx = du.
x

Now change the limits

So

™
6
f sin® z (cos xdx)
0

1
2
f wtdy =
0

3) Find the following definite integrals

™ T
4 4

a)f\/Zx + bdzx b)f&d@ fsec x tan xzdx
0 0

2 2 3
2
d)fth_tSdt ) flit?) dt ft\/4 — 124t
1 1 0

s
B} 2 3

3
k)fsint\/@dt m) L i n)fx(l—xQ)dx
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4) Solve

a) f sin 2zdx b) f cos 3zdz c) f et dy

1 7 dx
d) [ Trazdr @ (e —1)7ds f)f—(l_x)2

K) f Sxdf . m) f % n) f V5 — adz

e Further substitutions. Definite integral by
substitution

Unfortunately, it isn’t possible to give a general rule which will always work
when choosing a substitution.

As usual in mathematics, it is practice and experience which are necessary.

However, often if you substitute u = “the function involved in the most
complicated or difficult part of the integral”, the substitution will work.

Examples

1) Find I = fﬁdm.

Letw = 32z +1, d—u:3, d:z::d—u.
dx

Also

3r = u—1 and x:%(u—l).

This gives

FEverything is converted to u !

-33-



9J Yy 9J1 1 1
u2  u2
.
—— 2 _ g4 2
gfu U U
N -1
:—fu2du—fu2du
'y 1]
0|3 1
| 2 2 |
NI
=—|=u2 —-2u2|+C
9
5 1 u 3
=Zu2|2 o1+ =222 0
9 3 9 3

:3\/3x+1((3x+1)—3)+0
27

_ 2 3z +1(3z—2)+C.
27

Always try to express the answer in its simplest form/!

4

3) Find J = | cos™ xsin xdx.

U ) )
Let w = cosz, — = —sinz, sinzdr = —du.
T
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Tr =
Also change the limits
Tr =
Then
T
3
J = fcos4x(sinxdx)
0
1
2
= [ ut(—du)
1
é .
Y O A AN
— fu du = 5 1 5[(

4) Find K —= fx(:z:—2)5dx.
0

Let w=2-2, d_u:L
dz
also z = u + 2.

Change the limits

{:1::0—>u=—2

=2 —u=0.

Then
0

K = f(u+2)u5du
—2

-

wl

DN | —

!
S
I

dr = du,
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—2
0 0
= qudu+2fu5du
—2 —2
0 0
_ul Ly
—2 312

7
_ 108 64 _ 772
7 3 21

e Trigonometric and Hyperbolic substitutions

There are many trigonometric identities which can help us to simplify certain

expressions.

For example

2 2

sin“z +cos“z =1
cosh? z —sinh?z =1

Consider the integral

1
R

If we substitute 1z = asinf , so

dx

dr = acosf0df, — = acos?.

do

-36-
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Then a2 — 22 = o% — (asin9)2

—a? —a%sin? 0
= a2(1 —sinQQ)

2 2

= a“ cos” .
Now

Va? — 22 =va?cos? 0 = acosb.

And also sinf =2 gives 0 = arcsin[EJ.

a a
So
1
I = 0d0) = | 1d0 = 0
facos (a cos ) f +C

= arcsm( ) +C.

Further example

Find K = —d:z:

0 (1422)
dz 1 2 2
Let + = tan@é, — = ——5— = Sec 0, dr = sec”6df.
do cos“ 0

Now 1+ac2 :1—|—tan29:sec20.

Also = = tanf gives 0 = tan ! T,

xr=0—0=0
and
x:1—>9:%
So we have
E E
4 4 1
K = {S sec? 0d0 :{mde
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E E

4 4
:f00829d9 f1+00829

0 0

™ ™ )
14 1 4 4
5{(1+00829)d9 = 3] L{ld@—i—{cos%d@ :

0
(5ol 3ng-snc)
=—(m+2)
Note

The obvious substitution © = 1 + 2> doesn’t work (you can try).
However, because 1 + tan® 6 = sec” 6§, we can simplify the (1 -+ x2) by

substituting = = tan6.

e Use of Standard Integrals (S.I.)

When using the S.1. sheet, your integral must be in exactly the same form as
that given on the sheet. It may be necessary to do some algebraic manipulation
before the standard form can be used.

Examplel.
1= [—1 4.
9 — 162

2
We have V9 — 1622 \/16(——3: ):4 (%) — 22,
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larcsin — |+ C.
4 ]

Note

We could do this integral by substituting 2z = %sin@.

Example2.
2
53
J:f—2dx.
O4—i—9x
9 4 9 ACEE
We have 4+ 9z =9 §+x =9 3 + x° |,
SO
2 2
3 3 1% 1
J:f d;c:—f—dx
22 3+ (2
P9l 2] +2a? R
3 3

W |

——arctan —J



= —.—|arctan ——J s —(arc&ull——anian(w ::E.E:::z;
0 2 4 8
Example3.
K= [——2
Vat? +25
2
We have /4t 4 25 = \/4(152 —|—%) = 2,/152 + (g) :
so K ::L[‘ 2 dt = dt-—-arcsul 1 + C
5\2 > ?
2|12 + () t 2
2
Often it is more convenient to use the logarithmic form
(3]
In|t+ 4/t +|=] |
2
Exercises
1) Find f 3z (22 — 1) dx, using the substitution v = 2z — 1.
2) Find f dr, using the substitution z = tan.
1 +z )2
V2 1
3) Find f—5dx,using the substitution = = 2sin6.
0 (4=
4) Find f ad dz, using the substitution z = sinZ 0.
1—2
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tan x
Jsecx

dzx .

2
5) Find J=fx«/3x—|—4d:z;; J =
1

3
6) Use Standard Integrals to find:

a) —d:z: b)f—d:p c)f25+16$

d) —dx

f)f !
Va2 +7 Ja — (z +2)?

dr (put ¢t =2x+2)

¢ Integration of Rational Function

A Rational Function is an algebraic fraction with polynomials in the
numerator and the denominator,

axQ—l—b:I:—l—c

p:z:3 +q:z:—|—m—|—m'

For integrating a Rational Function we have to express it in partial fractions.
If the degree of the numerator is less than the degree of the denominator, there
are two possibilities;

(i) Denominator which will factorize.

(if) Denominator which will not factorize.

But if the degree of the numerator is not less than the degree of the
denominator, then the fraction must be divided out before integration is
attempted.

e.g.

Rules for Partial Fractions

1) To each linear factor suchas <x — a> inthe denominator, there

corresponds one partial fraction in the form of .
(x—a>

2) To each repeated linear factor such ascz — a>2 in the denominator, there
B

(x—a> (x—ad2’

correspond two partial fractions in the form of
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4) To each quadratic factor such as (am2 + bx + c) (no real solutions) in

the denominator, there corresponds one partial fraction in the form of
Mz + N

a:z:2—|—b:13—|—c.

The unknown constants A, B, C, M, N etc., are found by:

(1) Substituting suitable values of z.
(i) Comparing coefficients.

Important Integrals  (revision)

1 1
1)fax+bdx:gln|ax+b|—|—0

(az + b)" 1

a(n+1) +

2)f(a:1:—|—b)" dx =

1 1
B)Iﬁda::—arctan(f)—i—C
5 +a a a

x —arcsm[xJ—l—C’

QfJ____

Worked examples

1) Find
z—3
[ = | ——dx
f:z:2—:1:—2
Solution:
r—3 z—3 A B

ﬁ_x_g_(x—muH4)_x—2+x+1
Az +1)+ B(z—2)
 (z—=2)(z+ 1)
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Hence r—3=A(z+1)+B(z—2).

Put =z =2: (-1)= A3 :A:—%.

Put x = —1: (—4)=B.(-3) = Bz%.
), . Ll

I_fx—32d +f:1:—|—1

= —%ln(x —2) +—ln(:L' +1)+C.

. 1

Solution:

The denominator has one linear factor z and one repeated
linear factor (x + 2)2.

Let ;:A B C

—+ +
r(z+22 = z+2 (3+2)?

A(a:—|—2)2 —|—B:1:(:E—|—2)—|—C:1:
z(z + 2)2

Hence 1= A(z+2)? +Bz(z+2)+ Cz

= (A4 B)2® H4A + 2B+ C)z + 44.

Put z = —2: 1:0(—2):>C:—%.

Put = =0: 1:A(4):>A:i.

Compare:z:2: 0:A—|—B:B:—A:—i.
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S S ) v R

z(z + 2)2 x _33+2_(£U+2)2’

and

S lpde lpde 1l do
4 oz a2 20 (4 42)2
1 1 1

— “lng — 1 ) I —
Jne 4n(:1:—|— )—l—2<$+2)—|—0
1 1

= {lnz—1 Y+
4{nx n(x+ )}+2(:13—|—2)+C
1 T 1

= -1 .
4n(x+2>+2(33+2)+0

3) Find K:f(x_md:r:.

Solution:

The degree of the numerator is greater than the degree of the denominator!

We must divide out first:

3

T 8

T — 2

:(:1:2+2:1:+4)—1—
T — 2

That we obtain
K = f(:pQ —|—2:13—|—4—|—L)d:13
Tz —2
3

:%+x2+4x+81n(x—2)+0.

| 10— 11
4) Find R:f($2+1)(j_4)dx.

Solution:
There are one linear and one quadratic factor.
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10-11z A  Br+C

et (x2+1>(x—4)_$—4+ 22 1
A2? +1)+(B:U+C)(x—4)
- (z—4)(2* +1)
Hence: 10 — 11z = A(2® + 1)+ (Bx + C)(z — 4)

— (A+ B)z> +(C —4B)z + (A — 4C).

Put o =4: (-34)=A17 = A= -2,

Put z=0: 10=A4-4C = 10=-2-4C = C = -3.

Compare 2?2 0=A+B =0=-2+B= B=2.

10 — 11z =2 2z — 3

>0 <x2+1)($—4)_$—4+$2+1

3
_f{ 7 de
r—4 x +1 z° +1

— _21n(x—4)+1n<:1:2 +1>—3arctanx+0

[ :1:2+1
= In

(—4)2]3arctanx+0.
x_
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Exercises

”f (2 j—jlrxl—i') e 2
)ffc<rc+1> 4)f<x—52932+<j+1>dx
e L Fre w
nJ (Z+1) 8f<2x+1>82+59)dx
9)f JL)1_1;+10)da3 )f x+6x+1)d$

e Integration by parts

From the product rule for differentiation

i(uv) (du) + u dv), integrating both sides with respect to z, we
dx dx dx

obtain
du dv
uv—f %)vd$+fu %)dx,

or fuv'dx = uv — fu'vdx,

i.e. fudv = uv —fvdu — this is the formula for

“Integration by parts”.

“Integration by parts” will usually “work” for:

Inz
61’
n arctan x n o 5
fx . _ d f:z: .1cosz dx; f a® £ z%dz.
arcsin x _
sin x
arccos x

- 46 -



Worked examples

_ (2 1 ’
1) I =|=x ln:z:dx—gfln:z;dx.

let Inz =« and z° = v.

Thus
1 3
I = gfln rdx

:%_a:SIHx—fxgdlnx]
:%-azglnx—fxzs(lnx)/da:}
:%_:U?’lna:—fx?’%dx
:%-x:;lna:—fodx}

[ 3
:% :UBIDZL’—% +C.

2) J = fa:e%da:
— %fxe%d(Qx) = %f de?T .

Let + = u and 2% = .

Then
J = %[1:625” —fe%d:c}

A 9y 1 o9,

=3 ze —§fe d2zx
1 1

=3 xezx—§e2x +C.
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3) K = farctan xdxr = rarctanz — fxd arctan

/
= garctanx — fx(arctana:) dx

:xarctana:—fx[ 1 1de
72 +

x —|—1
:1: +1
::Earctanx—§ln(x +1)+C.

= xarctana:——f

1 1
. . 1 .
4) L = f arcsin zdzx :[a:arcsmat]o — f xd arcsin x .
0 0

1
= (1.arcsin1 — O) — fx(arcsinx)ldx

Exercises

1) f z sin 2zdx 2) f 23 In zdz 3) f ze Tdr
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arctan x 9
4) | ———dx 5) | z%edx 6) | zarctan zdx
/= J J
7) f rarcsinzdr  8) f x cos 3xrdx 9) f 2" sin zdx

1

10) f\/4+x2dx 11) f T dx 12) fxe?’xdx

COS2 X 0

T e? 2
13)f(1—|—:1:)sin:1:d:1: 14)f1n:1:d:1: 15)f1n(2:1:—|—1)d:1:
0 1 1

e Certain Trigonometric Integrals

I. Odd powers of sine or cosine

Method: Substitute the “other* function and use sinZ 6 + cos? 6 = 1.

Example.
Find 1 = [ sin® 0do.
Let % = cosf, du = —sinfdf.
Also sin* 0 = (sin2 9)22 (1 — cos? 0)2 = (1 —u? )2.
Then

I= f sin? 0 sin 0d0
= [(1-2 (~au)
:—f<1—2u2+u4>du

L 23 u5
= [u 3u +5]+C
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cos® 0
5)

Z—COSQ—|—§COS39— + C'.

II. Even powers of sine or cosine

Method: Reduce to a sum of terms by means of repeated application of the
double (or half) angle formulas:

1 — cos 26 1

sin? 0 = — = 5(1 — cos 20)
cos? 0 = M = l(1 ~+ cos 260)
2 2
Example.

Find J = f sin? 2zd.
J = f{%(l—coséla:)}2 dz
— if(1—2cos4a:—i—cos2 4517)d$

1 1
— Zf(l—Zcosélx4——(14—cos8x))d33

2
1 3 1
= — ——2 4 —
4f<2 CoS CE—l—QCOS&IZ)dx
_1(3_x_281n4x+lsin8x)+0
4\ 2 4 2 8

[ —

— 6—4(24x—881n4x+sin83:)+0.

III. Integrands of the form

sin « cos (3, sin ¢ sin (3, cos «c cos 8

Method: Use the “factor formulas” to split the product into a sum instead.
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Example.
Find K = fsin 5z cos 3xdzx .

Using the trigonometric identity
sin 5z cos 3x = %(sin&v + sin 2x),

we have:

1 : : 1[{—cos8x cos2z
K—gf(51n8x+8m2x)d$—§( S - )+C.

Exercises

T
1) f sin’ (3z)dz  2) f cos® zdz 3) f sin? zda
0

4) f sinh? (2z)dx 5) f sin 2x cos xdx
™
4 m

6)f cos 36 cos Adf 7) f cos 2z cos 3xdx
0 0

8)f sin 36 cos? 0d0 9) f sin # sin 360d6

e Improper Integral

b
We defined ff(:z:)da: with the following restrictive conditions:

a
a) a and b are finite numbers;

b) f cx> is continuous on [a,b].
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But in the applied problems it is necessary to weaken these restrictive
conditions.

The following two types of integrals are called improper , while the
integrals with a) and b) conditions — proper.

I) Improper Integrals with infinite limits.

Let fcx> be continuouson [a,00) with fcx> > 0 forall x > a.

t
Definitionl. ff(x)dzx = lim | fcxxdx

t— o0
a

y=f(x)

E(T a ¢y
If this limit exists, it is said that the improper integral converges .
If this limit doesn’t exist, it is said that the improper integral  diverges .

b
In the same way we can define f fcx>dx.

— 0o
By using the Fundamental Theorem (Leibniz-Newton’s formula )

we shall make use of the notation

ff(m)dm = F|°= Foo —F, (Flao = fa).
a
Examplel.

00 t
fldx = lim ld:z: = lim (1n3:)|1 = hm (Int —Inl) = o0

t— 00 1 T t—o0

(diverge)
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Example2.

(conv.)
Example3.
y d y d
f z 5 = lim v 5 = lim {arctanx}l?
Y 1+ t—>—oot1—|—:1: t——00
T T
—arctan 0 — (= 2] = 2. conv,
arctan 5 5 (conv.)
0.}
. 1
Conclusion: f—kd:z: converges < k > 1.
x
a
0

Definition2. The improper integral f fcx>dr is  defined by

—00

00 c +00
ff(x)d:z:: ff(x)d:z;—i— ff(:z:)d:z:, cE(—oo,—Foo)
—00 —00 c

IT) Improper Integrals with finites limits.

Let fcxz> be continuous on (a,b],but lim fcx> = +o0.
r—a

b b
Definition 3. ff(:z:)d:z: = lim+ fcxdz.
a

t—a f
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y=f(z)

1
Exp. f% —2vTlt =22 =4.
0

If fcx>is continuouson [a,b),

but lim fcx> = +o00, then

r—b"
b t
ff(ac)dx: lim ff(x)dx.
a

t—b-
a

dr = lim

1 t
Exp. [%* _* 4
P ’[\/1—:1:2 75—>1‘£\/1—a72 !

t
1 dz? /
— lim = [ —m— = lim {—+V1— 2‘ }
t-ﬁlQ{W t—>mil{ “

— lim {—\/1—t2 +1} — 1.

t—1"
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If fcx> is continuous on [a,c) U (¢,b],

and lim fcz> = +o0, then
r—=cC

b c b
ff(x)dx:ff<x)d$+ff<x)d$, cE(a,b).
a a C

Example.

g 4

f (x —2) 3dx =
0

t 3
4 4
= lim T —2) adxr + lim T — 2) adx
H_{( 3 Hﬁ[( 3

t

1
= lim 13(3:2);, ]’—l— 1im+<[3($2)3

]

t—2~ 0 t—2
= lim { 3 + 5 }—i— lim {—3—|— 3 }
t—2- (¥t —2  ¥—2) ot Yt —2

=00+ 00 = 0.

Sometimes, we need to determine only whether an improper integral converges
or diverges. In such cases we can use the Comparison test.
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Comparison test

Let fcx> and ¢gcx>  continuous  on [a,+00)
0< fax> < gcx> foral z>a.

Then

n If fg(x)dx converges, so does ff(:p)dx.

(an If ff(x)dx diverges, so does fg(:l:)dx.

Examplel.

1
I = fx2 oo xdm converges,

COS
1 1
because we have 5 5 < —, & >1
T° + cos® x
(0.@)
dx
and because f — = 1 converges.
T
1

Example2.

€
- f -
1 rim- xr

e

diverges, because f Clix = oo (div.)
rnx

Example3.
K — fe 2 +1
1
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From (1+x2) >z for z>1 and
Isa decreasing function,

we have

o0 t

fe_xd:c = lim | e %dx = lim (—e_x)i
1 t— 00 1 t—00

= lim (l—e_t)zl—():1
e

r—00 \ € e

o
2
So K= fe_(x H)d:p converges.
1

e Exercises

o0

1

— +o0

1) f a2 dr = arctan |55
—00

= lim {arctanz}— lim {arctanz}
T— 400 T——00

()51 r

o0

o0 o0
1 1 1
2) | —dz )| ———=dz 4 dz
):[fv ){<x+3>2 ){x2+2

00 2
S)f e Tdx 6) f 3% dy
0 —00

o
T
7 | ——dzx
‘1[\/1—|—x2

x2+1

—00

2 4 o0 ] 00 5
_ - T
0 2

—X
11)u2[xln:1:dx 12)[x2+1dx 13){1’6 dz
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o0 1 3
2 1 1
14)f:1:e dz 15)j;$d:1: 16){ = 1 )da:
_w —_

™

2 e 4
1 1
17) [tanzdz  18) [———dz  19) [———dz
f [:z:\/glnx ‘[\/16—x2

0

1

20)fxln xdr 21) T

oo
w2 [EmI,
X

0 , v1n” x
1
arcsin? T 5
23) cdr  24) 25) [V1+ 22dz
f PR f N
7T T
; 1 1+3 2
sin? sin x
26 ——d 27 d 28 d
)f(flﬁ—l)2 v )f cos? T ! ){Jcosx v
E E
2 4 sin x
29) f 7 cos T dz 30) f —da: 31) f — T dy
0 5+$ ) ) 3 tsin®z

-58 -



References

1. Berkey,D.D., Calculus, Boston University,
SAUNDERS College Publishing.

2. L.Bostock; S.Chandler, Sc.Matemathics-The

Core Course for A-Level.

-59-



